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ABSTRACT 

In this paper there are considered some scalar valued groupoid 
bihomomorphism structures, being in fact the groupoid counterparts 
of the inner product notion originally defined for vectors. These bi- 
homomorphisms, called here the semi-inner products for groupoids, 
determine non-negative real valued functions which fulfill the axioms 
assumed for a groupoid norm concept [2] . 
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1 Introduction 

A groupoid is a small category in which every morphism (arrow) is invertible, 
see for example [U El [7] and references therein. To be more explicite, let M 
be a set of objects and G be a set of morphisms, usually called arrows. In 
such a case we speak of a groupoid G over M. Each arrow has an associated 
source object (domain) and an associated target object (range). For these 
associations we introduce two mappings d: G —> M and r: G — > M, the 
so-called source and target (or domain and range), respectively. 

For any nonempty subsets P, Q C M we shall use the notation Gp = 
rf _1 (P) (d-inverse image of P), G® = r~ 1 (Q) (r-inverse image of Q) and 
G Q p = G p n G Q . In particul ar we have the source-fiber G p = d 1 ({p}) and 
the target-fiber G q = r _1 ({g}). We shall also use the notation G q v = G p nG q . 
One can notice that Gp is a sub-groupoid of G over the base P C M and, 
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in particular, is a group, the so-called isotropy group of G at p G M, for 
any point p G M. 

2 Affine congruence relation in a groupoid 

In this section we analyze an equivalence relation resembling the idea of 
parallel shift of an element. 

Definition 2.1. An equivalence relation A C G x G is called the affine 
congruence in G if 

1. (congruence) 



The equivalence class of g G G with respect to A is denoted as [g\. For 
any pGM the notation is used [g] p = [g] fl G p . 

Definition 2.2. An affine congruence X in a groupoid G is 

1. complete if [g] p ^ 0, 

2. simple if [g] p consists of one element at most, 
for any g G G, p G M. 

Definition 2.3. An affine congruence A in G is efficient, if it is complete 
and simple. A pair (G, A) is said to be a X- affine groupoid, if X is an efficient 
affine congruence in G. 

An interesting example of an affine congruence relation can be defined 
with the help of a groupoid homomorphism into a commutative group. 

Proposition 2.4. Let G - grupoid, (A, +) - a commutative group, 9: G — >■ A 
- a homomorphism. Then, the relation X C G x G, defined by 



[9A92 A hiXh 2 A g 1 h 1 ,g 2 h 2 GG]4 gxh 1 Xg 2 h 2 



(2.1) 



2. (parallelism) 



[giXg 2 A h l Xh 2 A g x h 2 , h x g 2 G G] g\h 2 Xh x g 2 . 



(2.2) 




(2.3) 



is an affine congruence in G. 
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Proof. Evidently, on the strength of (12.31) . A is a congruence relation in G. 
Now we show that the condition ( 12. 2 p is fulfilled. Assume that gi\g 2 , hi\h 2 
and gih 2 , hig 2 G G. Hence we get 9(gi) = 9(g 2 ), 6 (hi) = 9(h 2 ) and 9(gih 2 ) = 
0(gi) + 9(h 2 ) = 9(g 2 ) + 6(hi) = d(hig 2 ). □ 

Example 1. Assume (M, V, I) to be an affine space, i.e. M is a 
nonempty set (of points), V is a linear space and I: M x V — > M, l(p, v) = 
p + v is such that the affine space axioms are fulfilled. The Cartesian product 
G = M x V is a natural example of a groupoid in which, for any g = (p, v), 
there is d(g) = p and r(g) = p + v. For any (p,v), (q,w) G G such that 
r(p, v) = d(q,w) there is (p,v) + (q,w) = (p, v + w). Since (V, +) is a 
commutative (additive) group, we can define the groupoid homomorphism 
9: G — > V, 9(g) = v. Now, the affine congruence relation A in G we define 
as gXh <^=^> 9(g) = 9(h), for any g,h G G. One can easily verify that A is 
efficient and consequently (G, A) is a A-affine groupoid. 

Example 2. Let G, 9 and A be defined as in Example 1. Assume PcM 
be a proper (i.e. P ^ M) nonempty subset and consider the subgroupoid Gp 
of G. Suppose that p, q £ P, p 7^ q, v £ V, q = p + v & P and s = q + v G" P. 
Then g = (p,v) G Gp and h = (q,v) G" Gp, i.e. [g] q = 0. Consequently, 
the relation A is not a complete affine congruence in Gp and therefore the 
groupoid (Gp, A) is not a A-affine groupoid. 

Remark: A family of homomorphisms 0$: G — > Aj, (Aj,+) - a com- 
mutative group, for i £ I, can be represented by a single homomorphism 

: G — > A, where A= X A* is the Cartesian product of groups and 

(0(g))i = 9i(g) (2.4) 

Definition 2.5. Suppose that 9: G — > A is a homomorphism such that, for 
any g G G, the condition 9(g) = implies that there exists p G M such 
that g = e p (the neutral element of the group G v ). Then 9 is said to be a 
monomorphism. 

Proposition 2.6. Let 9: G — > A be a monomorphism and A be an affine 
congruence in G defined by $2.3\) . Then A is simple. 

Proof. Suppose gi\g 2 and gi,g 2 G G p , for some p G M. This means that 
Q(gi) — ®(g2) an d 9(gi) — 9(g 2 ) = 9(gig 2 l ) = 0. Since 9 is a monomorphism, 
there is gig 2 l = e p , for some p G M, i.e. gi = g 2 . □ 
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3 Semi-inner product in a groupoid 



In this section we consider a groupoid scalar valued bihomomorphism re- 
sembling an inner or semi-inner product for vector spaces. There are several 
proposals known as semi-inner products for vector space. In particular, there 
is a definition in which a semi-inner product does not need to be additive 
in the second argument. Then, such a semi-inner product, e.g. for an L p - 
space, can be consistent with an L p -norm which is not given by any inner 
product, if p ^ 2. In this approach we assume the conjugate symmetry prop- 
erty in order to enable the groupoid norm j2] to be defined in terms of the 
bihomomorphism considered. 

Definition 3.1. A function B : G x G —> ¥ is called the bihomomorphism 
of a groupoid G in an additive group (F, +) (or ¥ -bihomomorphism) if it is 
a homomorphism of G in¥ with respect to each argument separately. 

In further, we restrict ourselves to the cases F = M. or F = C. 

Definition 3.2. Bihomomorphism B : G x G —> ¥ is said to be a semi-inner 
product in G if the following conditions are fulfilled: 

1. (conjugate symmetry) B(g, h) = B(h,g), for any g,h G G; 

2. (positive definiteness) B(g,g) > 0, if g ^ e p , for any p G M and g G G; 

3. (Cauchy-Schwarz inequality) \B(g,h)\ < B(g, g) l l 2 B{h,h) l l 2 , for any 



In the case of F = E, conjugate symmetry of B reduces to symmetry. 

Definition 3.3. A pair (G,B) is said to be a semi-unitary groupoid if G is 
a groupoid and B is a semi-inner product in G. 

Proposition 3.4. Suppose n£N and {6 l i }" =1 is a family of groupoid homo- 
morphisms Q{ \ G — > C such that, for any g EG, the condition V? =1 9i(g) = 
implies that 3 p& Mg = Then the formula 



g,he G. 



n 




(3.1) 



i=l 



defines a semi-inner product in G. 
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Proof. Conjugate symmetry and positive definteness are evident from defini- 
tion of B. In turn, Cauchy-Schwarz inequality for B is a direct consequence 
of the Cauchy-Schwarz inequality for the scalar product in C n . □ 

Proposition 3.5. Suppose G is a transitive groupoid and let g G G, p G M 

be fixed elements. The following implication is true: 

V h e Gp B(g, h)=0=i> V keG B(g, k) = 0. 

Proof. Let h G G^ and k G G s . Since G is transitive, there exists I G G s q and 
hlk G G p . Consequently, we get B(g, hlk) = and B(g, hi) + B(g, k) = 0, 
which means that B(g, k) = 0. □ 

In the case when G is a transitive groupoid, the above statement allows 
us to weaken the condition 3 of Definition 13. 2\ i.e. instead h G G we can take 
h G G s , for a fixed point s G M. 

Definition 3.6. We say that (71,172 G G are B-congruent elements if 

y h e G B( 9l ,h) = B(g 2 ,h). (3.2) 
In such a case we shall write g\ tt g 2 . 

Let {9i}™ =1 be a family of groupoid homomorphisms which fulfills the as- 
sumptions of Proposition 13.41 and suppose B(g, h) is given by formula ( 13. ip . 
Additionally, suppose that for any j = l,...,n there exists hj G G such 
that 0i(hj) = 5ij (the Kronecker delta). Then the incongruence relation 
tt) defined by formula (13.21) . can be equivalently characterized by formula 
( I2.3jl . Indeed, for g\ \\ g 2 , in the condition VhecB(gi, h) = B(g 2 ,h) we 
can substitute h = hj and obtain Oj(gi) = 0j(g 2 ), for any j = l,...,n. 
Hence, using the groupoid homomorphism 9 given by formula I2.4[ we can 
write equivalently 9(gi) = 9(g 2 ). On the other hand, if #(<7i) = 9(g 2 ), i.e. 
Vj=i,...,n0j( gi) = Ojfa), for any h G G there is B(g 1 ,h) = Y^=i^(9iWi(h) = 
T,ti & i(92Mh) = B(g 2 ,h). 

Proposition 3.7. Suppose that G is a transitive groupoid. Then, in Defini- 
tion \3. 6\ we can replace h G G equivalently by h G G s , for some sgG. 

Proof. Let s G M and suppose that the identity B(gi,h) = B(g 2 ,h) is true 
for some elements gi,g 2 G G and h G G s . Now, by the tratsivity of G, for 
any k G G, there exists I such that hi, Ik G G. Since hi, hlk G G s we can 
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write equalities B(gi,hl) = B(g 2 ,hl) and B(gi,hlk) = B(g 2 ,hlk). Then, by 
the bihomomorphism properties we get the equivalent identity B(gi,hl) + 
B( 9l , k) = B(g 2 , hi) + B(g 2 , k) and finally B(g u k) = B(g 2 , k). □ 

Proposition 3.8. The relation tt is an affine congruence in G. 

Proof. First, let us notice that tt is an equivalence relation in G. Indeed, 
reflexivity and symmetry properties of this relation are evident. To show 
the transitivity, we can write the conditions g% tt 92 an d g 2 tt 93 as 
B(g 1 ,h) = B(g 2 ,h) and B(g 2 ,h) = B(g 3 ,h). Hence B{g u h) = B(g 3 ,h), 
for any h G G, which means that g\ tt 93- Suppose now that g\ tt 92, 
hi tt h 2 and gih\, g 2 h 2 G G. Then, for any k G G, we can write equivalently 
B( 9l , k) = B(g 2 , k), B(ht, k) = B(h 2 , k) and B( 9l , k) + B{h\, k) = B(g 2 , k) + 
B(h 2 , k). Since B is a bihomomorphism, we obtain B(gih\, k) = B(g 2 h 2 , k), 
i.e. gihi tt 92h 2 . In turn, if g 1 tt 92, h tt h 2 and g\h 2 ,h x g 2 G G, we 
can write B(gi, k) = B(g 2 , k), B(h±, k) = B{h 2l k) and B(gi, k) + B(h 2 , k) = 
B(hi,k) + B(g 2 ,k) or equivalently B(g 1 h 2 ,k) = B(hig 2 ,k), i.e. g±h 2 tt 
hg 2 . □ 

Proposition 3.9. Suppose p G M and g±,g 2 G G p . If g% tt 92 then g% = g 2 , 
i.e. the relation tt ^ s simple. 

Proof. On the strength of ^-congruence relation between elements g±,g 2 , 
for any h G G there is B(gi,h) = B(g 2 ,h) and automatically —B(gi,h) + 
B(g 2 ,h) = 0, then B(g^\h) + B(g 2 ,h) = and B(g^ 1 g 2 ,h) = 0, which 
means that g± 1 g 2 = e q for q = r(gx) G M. Finally, we get g\ = g 2 . □ 

In the sequel, we shall write [h] — {g G G : g tt h} an d [h] P = [h] PI G p , 
for G M. 

In general, the relation tt ma y n °t De complete, i.e. there might be 
points p G M where [h] p = 0. For example, let T = M 2 be the groupoid 
(over the base K) of pairs, (x,y) o (y,z) = (x,z), for any (x,y), (y,z) G T. 
Define the groupoid homomorphism 9: T — > M, by formula 9((x, y)) = x — y, 
for any (x,y) G T, and the bihomomorphism B: T x T 4 K defined by 
B((x 1 ,y 1 ),(x 2 ,y 2 )) = 9((x 1 ,y 1 ))9((x 2 ,y 2 )), for any (x x , yi), (x 2l y 2 ) G T. In 
fact, the bihomomorphism B is a semi- inner product in T. Choose G C T 
to be a square-shaped subgroupoid, e.g. G = {(x, y) gK 2 :0<i<1,0< 
y < 1} over the base M = {xGlR:0<a;<l}. One can easily check that 
for the element (1,0) 6 G and any x G M, x ^ 1, there is [(1, 0)] x = 0. This 
example motivates the following definition. 
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Definition 3.10. (G,B) is said to be a B-affine groupoid if it is a semi- 
unitary groupoid and the relation tt is complete, i.e. for any h G G and 
pe M, there is [h] p ^ 0. 

As a consequence of Proposition 13.91 in the case of a .B-affine groupoid 
G, all classes [h] p are singletons, for any h G G, p G M. 

Definition 3.11. If B(gi,h) = —B(g2,h) for certain gi,g2 G G and any 
h G G, we say that gi,g% are B-opposite. For B-opposite elements gi,g 2 G G 
we shall write g± tt g-i- 

Remark: Evidently, if g\ tt g 2 and g 2 tt 93 then g\ tt g 2 , for any 

91,92,93 e G. 

Definition 3.12. If g,h G G and B(g,h) = 0, we say that g and h are 
B-orthogonal and we write gl-h. 

Definition 3.13. For any element g G G and c G C, we define the subset 

G(c,g) = c»g = {keG: B(k,h) =c-B(g,h), heG}cG. (3.3) 
Additionally, for p G M we define G p (c, g) — (c • g) p = G(c, g) D G p . 

If c = 0, we get G(0,g) = {e p eG:pE M}. 
Proposition 3.14. For any c G C, g G G and ki,k 2 G G(c,g), there is 

h tt k 2 - 

Proof. Let h G G be an arbitrary element. Then, by definition we obtain 
B(k u h) = cB(g, h) = B(k 2 , h), i.e. B{k x , h) = B(k 2 , h). □ 

It is possible that the set G(c, h) C G is empty, e.g. when B is a real 
valued bihomomorphism then G(i, h) = 0. 

Proposition 3.15. For any p G M, c G C and g G G the set G p (c, g) has at 
most one element. 

Proof. For any two elements ki,k 2 G G(c,g) there is k\ tt &2- Then, on the 
strength of Proposition 13.9} we have k\ = k 2 . □ 

Proposition 3.16. For any c G C, g, h G G and k G G(c, h), there is 

B(g,k) = c-B(g,h) . (3.4) 

Proof. Let c G C, g, h G G and k G G(c, /i). Then we get 

B(g, k) = Bjk^) = c ■ B(h, g)=c- B(g, h) . 

□ 



7 



4 Norm structure in a grupoid 

The concept of a norm defined in a groupoid is studied by M. Buliga in [2]. 

Definition 4.1. By a normed groupoid we understand a pair (G, 1 1 • 1 1) , where 
G is a groupoid and the function \ \ • \ \ : G — > [0, +oo), the so-called groupoid 
norm in G, fulfills the conditions: 

1. | \g\ | = iff there exists p G M such that g = e p , 

2. for any g,h G G, such that gh G G, there is \ \gh\ \ < \ \g\ \ + \ \h\\, 

3. for any g G G there is \ \g~ 1 \ \ = ||g|| . 



Condition 2 in the above definiotion is called the triangle inequality. One 
can show that also the reverse triangle inequality holds for || • ||, i.e. 



9\\ I < \\9- l h\\ , (4.1) 

for any g,h G G, such that g~ l h G G. Indeed, \\h\\ = \ \gg~ l h\ \ < \\g\ \ + 
| \g^h\ |, which gives us | \h\ \ — \ \g\ \ < H^^ 1 ^!!. Analogously, \\g\\ = Whh^gW < 
\\h\\ + \\h~ l g\\, which implies ||^|| — \\h\\ < \ \h~ x g\ |. Since | \g^h\ \ = \ \h~ 1 g\\, 
there is | \\h\\ — \\g\\ \ < 

Proposition 4.2. Let B be a semi-inner product in G. Then the mapping 
1 1 ■ 1 1 : G — > [0, +oo), defined by \ \g\ \ = B(g, g) 1 ^ 2 , for any g G G, is a groupoid 
norm in G. 

Proof. Suppose ||g|| = 0, for some g G G. By definition it means that 
B(g,g) = and positive definiteness of B implies that g = e p , for some 
pE M. 

In turn, we can calculate ||g/i|| 2 = B(gh,gh) = B(g,g) + B(g,h) + 
B{h,g)+B{h,h) = B{g,g) + B{g,h)+Bjg~fij+B(h,h) < \\g\\ 2 + 2\B(g, h)\ + 
\\h\\ 2 < \\g\\ 2 + 2\\g\\. \\h\\ + \\h\\ 2 = (\\g\\ + \\h\\) 2 , hence \\gh\\ < \\g\\ + \\h\\. 
Finally, H^H = B(g~ 1 ,g~ 1 ) = B(g,g) = \\g\\. □ 

Proposition 4.3. Let \ \ ■ \ \ be the groupoid norm defined by a semi-inner 
product B in a groupoid G. Then, for any c G C, g G G and h G c • g, there 
is 

= \c\-\\g\\. (4.2) 
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Proof. If h G c • g, we can write 



B(M) 1/2 = B^c^Hcl- £(<7,<7) 1/2 



□ 



Definition 4.4. Suppose that (G, \ \ ■ \ \) is a normed groupoid and A is an 
affine congruence relation in G. We say that || • || is X-consistent if, for any 
9\i9i ^ G, the following conditions are fulfilled: 

1- 9A92 \\gi\\ = \\g 2 \\, 

2. [gi^Agm e G] => \\gig 2 \\ = 2||#i||. 

Proposition 4.5. v4ssitme B to be a semi-inner product in G and be the 

affine congruence relation in G given by Definition \3.6[ Then the groupoid 



norm 



| ; defined by \ \g\ \ = B(g,g) 1 / 2 , for g G G, is ^-consistent. 



Proof. Let g±,g 2 G G and suppose that g± "ft #2- Then B(gi, h) = B(g 2 , h), 
for any h G G. In particular, we obtain B(gi, g\) = B(g 2 , g\) and B(g 1 ,g 2 ) = 
B(g 2 ,g 2 ), i-e. B(g 1 ,g 2 ) : B(g 2 ,g 1 ) G E, which implies the identity ||#i|| = 
II^H- If gi It #2 and gig 2 G G, we obtain ||^ 2 || 2 = B(g 1 g 2 ,g 1 g 2 ) = 
B(gugi) + B(g 1 ,g 2 )+B(g 2 ,g 1 ) + B(g 2 ,g 2 ) = 4||#i|| 2 . Thus we get ||^ 2 || = 

2|bi||- □ 

Definition 4.6. Suppose X is an affine congruence relation and || • || is a 

X-consistent groupoid norm in G. We say that || • || fulfills the parallelogram 
identity with some elements g,h G G, if there exist gi,g 2 ,h\,h 2 G G such 
that gihi, g 2 x h 2 G G, gXg\Xg 2 , hXh\Xh 2 and 

\\g l h l \\ 2 + \\g 2 1 h 2 \\ 2 = 2\\g\\ 2 + 2\\h\\ 2 . (4.3) 

// the identity fl^.3p is fulffiled with any elements g,h G G, we say that \ \ ■ || 
fulfills the parallelogram identity in G. 

Proposition 4.7. The groupoid norm \ \ ■ \ \ defined by a semi-inner product 
B in G fulfills the parallelogram identity with all elements g,h G G, for which 
there exist gi,g 2 , hi, h 2 G G such that g±hi, g^}h 2 G G and gXg\Xg 2 , hXh\Xh 2 . 
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Proof. Let be the affine congruence relation in G given by Definition 13.61 
and assume g, gi, g 2 , h, hi, h 2 G G be elements such that g\hi,g2 1 h 2 G G, 
9 TT 9i TT 92, h |t hi tt h 2 . Then, by definition we obtain two identities 

WgMf = B(gihi,gihi) = \\g\\ 2 + B(g, h) + B(h,g) + ||/i|| 2 , 

\\g 2 l h 2 \\ 2 = = Us" 1 !! 2 + £(<r\ fc) + £(M _1 ) + ll^ll 2 , 

from which we get 

Ikl^lll 2 + l|P2~%H 2 = 

= ||^|| 2 + 5(^\/ l ) + S(/ l ,^ 1 ) + ||/i|| 2 + ||^|| 2 + S(^>) + J B(/ i ^) + ||/ i || 2 = 

= 2|k|| 2 + 2||/ i || 2 . 

□ 

Proposition 4.8. Suppose X is an affine congruence relation in G and || ■ || 

is a X -consistent groupoid norm which fulfills the parallelogram identity fl^.gp 
in G. Then the polarization formula 

^,/ i ) = i(||^ 1 / il || 2 -||^ 1 / i2 || 2 ), (4.4) 

for g,gi,g 2 ,h,hi,h 2 G G such that g\gi\g 2 , h\hi\h 2 and gih±,g 2 h 2 G G, 
defines the real-valued semi-inner product in G. 

Proof. The proof we start with the observation, that B(g, h) is well defined 
for any elements g,h G G. Indeed, by the assumption there exist elements 
9i, 92-i hi, h 2 G G such that gXg±Xg 2 , hXh\Xh 2 and g\hi,g 2 x h 2 G G, which is 
enough to define B(g,h) by formula (14. 4p . This definition is correct, since 
|| ■ || is A-consistent. 

Let gXgi and hXhi, for some g,gi,h,hi G G, i = 1,2,3,4, such that 
9ih±, 92 ^2, h 3 g 3 , h~l G G. Since A is an affine congruence relation in G, 
we have g\h\Xhj,g 3 and g 2 1 h 2 Xh^ 1 g 4: . On the other hand, since || • || is A- 
consistent, there is ||<7i/ii|| = ||/i3<73|| and ||g , 2 _1 ^2|| = H^J 1 ^!!- Hence, we 
obtain the (conjugate) symmetry property 

B(g, h) = ^(IMiiH 2 - ||&%|| a ) = \(\\hg 3 \\ 2 - \\K VII 2 ) = B(h,g). 

Let k\,k 2 G G be elements such that gXk\Xk 2 and k\k 2 G G. Then, the 
positive definitness property of B is clear from 

B(g,g) = IdlhhW 2 - \\g^g\\ 2 ) = ±(2\\g\\) 2 = \\g\\ 2 . 
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To prove the Cauchy-Schwarz inequality for B, we shall use the parallel- 
ogram identity ( 14. 3 p assumed for 1 1 • 1 1 . From the reverse triangle inequality 
( 14. ip we obtain 

(\\g\\-\\h\\) 2 = \\g\\ 2 -2\\g\\-\\h\\ + \\h\\ 2 <\\g^h 2 \\ 2 , 

2|M| 2 + 2||/*|| 2 - ||<7 2 -%|| 2 - |b 2 -%|| 2 < A\\g\\ • \\h\\ . 

Now, on the strength of the parallelogram identity (I4.3p . from the last in- 
equality we obtain 

\\g 1 h 1 \\ 2 -\\g^h 2 \\ 2 <A\\g\\-\\h\\ , 

which means that 

B(g,h) = ^\\g 1 h 1 \\ 2 -\\g 2 1 h 2 \\ 2 )<\\g\\-\\h\\. 

In order to complete this proof, one needs to show that B(g, h) defined 
by the polarization identity is a bihomomorphism. Since the (conjugate) 
symmetry of B(g, h) has been already proved, it is enough to show that 
B(gh, k) = B(g,k) + B(h, k). 

Directly from the polarization identity (I4.4p one can notice that 

B(g,e p ) = \(\\ge r(g) \\ 2 - \\g' l e d{g) \\ 2 ) = ±(\\g\\ 2 - \\g- l \\ 2 ) = 0, 

for any g G G and p G M. 

Choose elements u, v, x, y, v i: x^ y; L G G, such that uXui, vXvi,x\xi,yXyi, 
for i = 1,2,..., and assume the composability of elements in all cases that 
appear in formulae below, in particular uiVi, u 2 1 v 2 , x±yi, x 2 ~ 1 y 2 G G. 

Then, using the polarization identity (I4.4p . we can write 

B(u,v) = ^(||miWi|| 2 - HuJVjII 2 ) and B(x,y) = ^(| \xiyi\ \ 2 - \ \x 2 1 y 2 \\ 2 ). 
Now, we apply the parallelogram identity ( 14. 3 p and calculate the sum 
B(u,v) + B(x,y) = ^{\\u lVl \\ 2 + \\x iyi \\ 2 ) - -(||mJS|| 2 + IK^lD = 

= ~ ■ \{\\{u^){x m )\\ 2 + ik^)- 1 ^)!! 2 )- 



n 



= 1 • l(||(^3)(x 3 ?/3)ll 2 - ll(% 1 ^)(* 5 - 1 y 5 )ll 2 )+ 
+\ ■ \{\\{u,v,)-\x m )\\ 2 - IIK" 1 ^)" 1 ^)!! 2 ) = 

= ~ ■ \(\\(u 7 x 7 )(v 7 y 7 )\\ 2 - \\(u 8 x s y\v 8 y 8 )\\ 2 ) + 
+\ ■ \{\\(tfx*)tv?V*)\? - IIKoVo)^K"oVo)|| 2 ) = 

= ~B(u 8 x 8 ,v 8 y 8 ) + ^B^Xg^^yg). 

Since B(u, e p ) = 0, from the above result we obtain B(u, v) = B(u, v) + 
B(u,e p ) = \B{uiu 2 ,ve r ( v )) + \B(u~ l u,v~ l e d ^)) = \B{uiu 2 ,v). 

Let us make the substitutions u = g,x = h,v = y = k and assume that 
gh G G. Then we get 

B(g, k) + B(h, k) = l -B{gh, k x k 2 ) + l -B{g~ x h u k~ x k) = B(gh, k). 

□ 
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